A new algorithm for estimating the number of nucleotide substitutions per site (i.e., the evolutionary distance) between two nucleotide sequences is presented. This algorithm can be applied to many estimation methods, such as Jukes and Cantor's method, Kimura's transition / transversion method, and Tajima and Nei's method. Unlike ordinary methods, this algorithm is always applicable. Numerical computations and computer simulations indicate that this algorithm gives an almost unbiased estimate of the evolutionary distance, unless the evolutionary distance is very large. This algorithm should be useful especially when we analyze short nucleotide sequences. It can also be applied to amino acid sequences, for estimating the number of amino acid replacements.
Introduction
The number of nucleotide substitutions between nucleotide sequences is one of the fundamental quantities for the study of molecular evolution. The proportion of different nucleotide pairs between two nucleotide sequences can be converted into the number of nucleotide substitutions per nucleotide site (i.e., evolutionary distance) if an appropriate method is used (Kimura 1983; Nei 1987) . Although there are many methods for such transformation (Jukes and Cantor 1969; Kimura 1980, 198 1; Takahata and Kimura 198 1; Gojobori et al. 1982; Tajima and Nei 1984; Tamura 1992) , these methods have some problems. First, these methods give an overestimate when the length of nucleotide sequence is short. Second, they cannot be applied when the argument of a logarithm of the estimation formula becomes negative; such inapplicable cases occur quite frequently when two distantly related nucleotide sequences are compared (Gojobori et al. 1982; Tajima and Nei 1984) . Both problems are caused by logarithms; that is, when x is a random variable, the expectation of -log,( 1 -x) is larger than -log,[ 1 -E(x)] , and x can be larger than unity even if E(x) is smaller than unity, where E(x) is the expectation of x. Here I present algorithms for estimating the evolutionary distance without using logarithms.
Theory
I consider three methods for estimating the evolutionary distance: Jukes and Cantor's ( 1969) method, Tajima and Nei's ( 1984) method, and Kimura's ( 1980) transition / transversion method.
Jukes and Cantor's Method
Denote the expected proportion of different nucleotide pairs between two nucleotide sequences by p. When the rates of substitution are the same among different nucleotide pairs, the evolutionary distance, d, can be given by
where b = 0.75 (Jukes and Cantor 1969; Kimura and Ohta 1972) . Denote the number of pairs of nucleotides examined (or the length of nucleotide sequence) by n and denote the observed number of nucleotide pairs that differ between two nucleotide sequences by k. Then p can be estimated by fi = k/n. Substituting pA into equation ( 1 ), we obtain &JK = -b log,W@lb)l , (2) which is usually called Jukes and Cantor's method. This formula is applicable only when $ < b and gives an overestimation when p^ is small because of the logarithm, as will be shown later.
Without use of the logarithm, equation ( 1) can be expressed as
which can be obtained by the Taylor-series expansion. Because k follows a binomial distribution with parameters n and p, pi can be estimated by k(' )/n(' ) for i I k, where
Note that the expectation of k(' )/n(' ) is pi for i I k. Therefore, ignoring all terms higher than the kth order, we obtain which is the formula to be used for estimating the evolutionary distance. The expectation of equation (5) then becomes E(a) = ,t j&e (6) Therefore, equation (5) is expected to give an almost unbiased estimate when p is not close to b-namely, when the evolutionary distance is not very large. Furthermore, equation (5) is always applicable, although it might give an unreasonable estimate when the evolutionary distance is very large. To discover the accuracy of this algorithm, I have conducted numerical computations. First, for a given value of d, p was computed by p = b( 1 -emdlb), and then the probability that the number of nucleotide differences between two nucleotide sequences is k was computed by noting that k follows a binomial distribution with parameters n and p, where 0 I k I n. For each k the evolutionary distance ( a) was estimated by equation (5). For a comparison the distance ( dJK) was also estimated by equation ( 2) Let ql,q2,q3, and q4 be the frequencies of nucleotides A, T, C, and G, respectively, and let x0 (i<j) be the relative frequency of nucleotide pair i and j between two nucleotide sequences. Then, Tajima and Nei ( 1984) showed that the evolutionary distance can be estimated by In the same way as before, we obtain
which is the same as equation (5)) except for the value of b. As in the case of Jukes and Cantor's method, equation ( 11) is expected to give an almost unbiased estimate when d is not very large, and it is always applicable. In the above derivation, b was assumed to be constant, although this is not the case. To know the accuracy of equation ( 11) ( 8 ) , and the evolutionary distance ($) was estimated by equation ( 11). For comparison, the distance (&N) was also estimated by equation ( 7)) if it was applicable-namely, if k < bn. For each set of parameters, simulations were conducted 2,000 times. The results of computer simulations for n = 20 and 100 are shown in tables 2 and 3. In these tables, the proportion (f) of inapplicable cases for & is also shown. The tables show that the new algorithm gives an almost unbiased estimate when d is not very large. On the other hand, equation ( 7) gives an overestimate when d is not very large, and the extent of overestimation is substantial when n is small. Furthermore, equation (7) cannot be applied in many cases when d is large. (11). & is the estimate obtained by equation (7), excluding inapplicable cases. fis the proportion of inapplicable cases. The rates of nucleotide substitution were assumed to be rzl = r3, = r4, = 0.4~ r12 = r32 = r42 = 0.3~ r13 = r23 = r43 = 0.2c, and r14 = r24 = r34 = 0. lc, where r,, is the rate of substitution from the ith nucleotide to the jth nucleotide, per unit evolutionary time, and c 4 1. The number of replications is 2,000 for each set of parameters.
Kimura's Transition / Transversion Method
In some genes, such as those in mitochondrial DNA, transitional substitutions occur more frequently than do transversional substitutions. In such cases, Kimura ( 1980) has shown that the evolutionary distance can be given by
where P and Q are the expected proportions of transition-type and transversion-type pairs between two nucleotide sequences, respectively. Therefore, if the observed numbers of transition-type and transversion-type pairs between two nucleotide sequences are denoted by k, and k,, respectively, the evolutionary distance can be estimated by
where p and & are given by p = ks/n and Q = k,/n, respectively. This formula is known as Kimura's method and is applicable only when 2p + & < 1 and 2Q < 1 because of logarithms.
Using the Taylor-series and binomial expansions, we can express equation ( 12 ) In order to check the accuracy of this algorithm, I have again conducted computer simulations.
In the simulations, it was assumed that transitional substitutions occur four times as frequently as transversional ones. The evolutionary distance was estimated by equation ( 15 ) . For a comparison, the distance was also estimated by equation ( 13 ) if it was applicable. For each set of parameters, the simulations were repeated 2,000 times.
The results of computer simulations for n = 20 and 100 are shown in 
, and -@/( n -1 ), respectively. dd/dP and ad/@ are given by exp( 2 dl ) and [ exp( 2 d, )
respectively, where dl = -log,( I-2P-Q)/2 and d2 = -log,( l-2Q)/ 4. Since dl and d2 are the first and second terms in the right side of equation ( 12) ( 15). & is the estimate obtained by equation (13), excluding inapplicable cases. fis the proportion of inapplicable cases. The number of replications is 2,000 for each set of parameters.
Then, the variance of d can be estimated by
where al = exp(2al) and a2 = [exp(2al)+exp(4~2)]/2.
Numerical Example
The theoretical studies presented above have shown that the new algorithm is useful especially when we analyze short nucleotide sequences. I now show this by using the nucleotide sequences of the human preproinsulin and rat preproinsulin I (Sures et al. 1980) . Preproinsulin consists of four polypeptides: prepeptide, B-chain, C-peptide, and A-chain. The A-and B-chains produce active insulin, whereas the prepeptide and C-peptide are removed before active insulin is produced. Since the substitution rates might be different among different polypeptides, I have analyzed them separately. Furthermore, I have analyzed the first, second, and third positions in codons separately (Kimura 1980, 198 1) . Thus, the number of nucleotides (n) used in each comparison is quite small: n = 23 for prepeptide (excluding the initiation codon), n = 30 for B-chain, n = 3 1 for C-peptide, and n = 2 1 for A-chain. We have already seen that, in the case where n is small, the extent of overestimation is substantial if the ordinary algorithms such as ( 2)) ( 7 ) , and ( 13 ) are used for estimating d.
The numbers of different pairs of nucleotides between the nucleotide sequences for the human and rat genes are given in table 5, from which the evolutionary distances were estimated. I have used three methods: Jukes and Cantor's method (JC method), Tajima and Nei's method, and Kimura's transition / transversion method (K method).
In the case of Tajima and Nei's method, b' s were estimated by equations ( 8 ) (TN 1 
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Distance 685 method) and (9) (TN2 method). The results are shown in table 6 , where values in parentheses were obtained by the ordinary algorithms. The difference between the estimates obtained by the new and ordinary algorithms is small when the estimate of distance is small (d < 0.2). On the other hand, the difference is substantial when the estimate is large, especially when the third position in C-peptide is compared. Incidentally, it can be seen from this table that the evolutionary distance in the third position is larger than that in the first and second positions and that in the first and second positions the evolutionary distance of prepeptide and C-peptide is larger than that of A-and B-chains. These results are consistent with the neutral theory of molecular evolution (Kimura 1968 (Kimura , 1983 .
Discussion
In this paper I have developed new algorithms for estimating the evolutionary distance that are always applicable and that give an almost unbiased estimate unless the distance is very large. In the analysis of nucleotide sequences, one often divides them into several regions when the substitution rates are different among different regions, as shown in the Numerical Example section. In such cases the number of nucleotides in each region might not be large, and the ordinary algorithms such as ( 2 ) , ( 7 ) , and ( 13 ) are expected to give overestimates.
In this case the new algorithms will be helpful.
In the case where the number of nucleotides compared (n) is very large, the difference in the estimate, between the new and ordinary algorithms, is expected to be negligibly small. Although the amount of bias on the estimate obtained by the ordinary algorithm depends on the substitution model or the method used (see tables l-4), the new algorithm might be recommended to be used in the case of n < 1,000. In the case where n is as small as 20, if the evolutionary distance estimated by the ordinary algorithm is small (d < 0.2)) the extent of overestimation is also small (see table 6 ). Therefore, in such cases, the ordinary algorithms as well as the new algorithms are applicable. Tajima ( 1992) has shown that the estimated evolutionary distance (d) can be divided into two components: the distance that is actually realized (d,) and the error caused by the estimation process (e), where the mean of e is zero and d, and e are independent of each other. M. Nei and A. Rzhetsky (personal communication) have shown, however, that when Jukes and Cantor's formula-i.e., equation (2)-is used to estimate these two components, the mean of e is not zero and there is a positive correlation between d, and e. To know whether this is also the case when equation ( 5 ) is used for the estimation, I have conducted computer simulations, and the results are shown in table 7, where the number of nucleotides is 100, the number of replications is 10,000, and the rates of substitution are assumed to be the same among different nucleotide pairs. The results indicate that the mean of e is not significantly different from zero and that the correlation coefficient between d, and e also is not significantly different from zero. Thus, it can be concluded that the new algorithm is recommended to be used in Tajima's ( 1992) method if nucleotide sequences are short. If nucleotide sequences are long, however, the difference in the estimate between the two algorithms is not very large (see table 1)) so that either algorithm can be used in his method.
Incidentally, when we are interested in the estimation of the evolutionary distance (da) that is actually realized (i.e., the actual number of nucleotide substitutions per nucleotide site), we can use V (e) = V(a) -a/n as its variance. Table 7 gives the observed variances of e obtained by computer simulations, together with the expected (2), (7), and (13). variances -i.e., V(e) = V( d)-d/n-and shows that the agreement between them is satisfactory.
In this paper I have considered only nucleotide sequences. The present algorithm, however, can also be applied to amino acid sequences, for estimating the number of amino acid replacements per site, and the estimation formula is the same as equation (5 ) 
